PENANG SANGAM HIGH SCHOOL
P.0.BOX 44, RAKIRAKI
LESSON NOTES —- WEEK 16-18

School: Penang Sangam High School Year/Level: 13 Subject: Mathematics
Strand 4 TRIGONOMETRY
Sub Strand 4.2.1 Trigonometric Graphs
Content Students should be able to;
Learning Outcome - Draw trigonometric graphs

Trigonometric Graphs
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The general form is defined as
y=ASin(Bx+tC) + k or y=ACos(Bxt(C) tk
y= A e Bx +C + k
// Pl s \

Amplitude: Shape: Period: C shifts the y- :x‘z:lgsutie &
The height/ | +ASin B helps axis or the graph graph by k
distance P D L determine by C anifs. anits.

fro the period of B + k shifts the
+ A means - ASin the graph C .. x-axis down
the graph is ™ (the lengthof B shifts the y- by k units or
oriented as \] the interval axis to the right the graph
usual allens needed for or the graph moves up by
- A means : - the graph of e k units
that the 17— | the function B —k shifts the
graph is i to start units to the left. x-axis up by k
inverted - ACos repeating C units or the

1 itself). B et graph moves
> AR i 360  axis to the left or d°‘f"“ by k
period = B the graph moves units
or 2_’7 by E units to
B B
the right
Example 1:

A trigonometric function is defined as x) = 3Sin ¢y + 2)

i) Write the period of the function f(x)

y=AasSn(gxt o) =% g
. s
f(X) = 3sin (1X+ Z)
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ii) What is the Amplitude of the function?
Amplitude: A =3

iii)  Sketch f(x) = 38N x* 7)for 0< x< 2

T

T

Shift the graph 4 units to the left or shift the y- axis 4 units to the right

IT
3
(4,7)
Example 2:
Sketch the graph of fx) =~ 3sin (x* Z) +1

2
Amplitude: 3 Period : TT[: 2
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iv)  Write down the coordinates of the maximum point of f(x) for the region 0<x<2

y

y

int (let x=90) y= = 3sin(x*

m
= -35in(0+p+1

T
=)+
4) 1




SA

y 3

\ 4

Exercise
A 4

1. Sketch the following graph.
= 2co0s (, + 900) - 2

y

A

v




ii)Sketch the graph of y= ~ 2c0s (,,— 900) + 1

A

\4

Strand 4 TRIGONOMETRY
Sub Strand 4.3.1 Trigonometric Equations

Content Students should be able to;

Learning Outcome - solve trigonometric equations
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Solving Trigonometric Equations

When solving any trigonometric equation,

emphasis must be given to the

quadrants.
Quadrant |

All —

Quadrant 1
Sine 3

Tangent + Cosine +

Quadrant Il Quadrant IV

Mnemonic

All Science Teachers Cry
or
Add Sugar To Coffee

"

Sine +
Cosine

Tangent —

INl

270° or % T

Tangent +
Sine
Cosine

If you look at the quadrants, the designated trig expressions will be
positive, the others will be negative. Further simplifying,

Sine +
Cosine +
Tangent +

Cosine +
Sine
Tangent —

Note: for complex equations, you may use the identities.

Examplel:
Solve for the following trigonometric equations.
1. cos?2 Teos T1=05r0< <2 2.sin2 sin  for 0c< < 3600
C0s29=2 cps?9~ 1 sin 20~ sin @
2 cos’g~ 1t cosg+ 1=0 sin20- sing="0 sin 20~ 2sin ACOS @
, 7 e _
2 o5’ 1+ cosg+1=0 2¢jn gCos g sing=0
2 2n+ =0 .
cos"6 COSG Sin 9(20089— 1) =0
2cosg-1+1=0+1
0059(20039+ 1):0 .
2cosgt+1-1=0-1 sing=0 2cosg-1=0
2cos g 1
cosg=0 2cosg+1=0 =
2cosg= -1 = {0 1800 3605 2 2
y ] }
= {900, 2700} 1
cosp=__
0 2
E
Quadrant Il \ Quadrant | Quadrant Il [ Quadrant |
S 2 Sine  + Al + —
4= 3600 -
Tangent + Cosine + Tangent + ZEny) > Q 9
Quad n Quad v
= drant Il drant IV
Q3= 180+ ¢ omine Bl Wby = 3600- 60
Since cos is positive @ falls
S = 1800+ 60- — 360,
. . o . 1= 9
Since cos is negative it falls in quadrant Il and IlI Q
- B 4 = 360-.- 360-
02 = 180.- g = 600, Q




2. 20052 =sin2

Learning Outcome

Strand 4 TRIGONOMETRY
Sub Strand 4.4.1 Applications of addition formulae
Content Students should be able to;

Use addition formulae to write a sum of sine and cosine as either a
sine or cosine function
Find maximum and minimum points on a given interval
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Often trig expressions involve the sum of sine and cosine terms. It is more
convenient to write such expressions using one single term by applying the
addition formula:

(1) a Cos & + bSin@ —r Cos (& + )
(11) a Cos & + b Sin@ —r Sin (6 + o)
whereeais an angle to be found and » is the modulusi.e. » = VaZ + b=

and a and b are coefficients of Cos & and Sin & respectively.

Examplel:

Write yy = 35N — 4C0S iy the form of y= (SIN( + )

3sin g— 4cosg=,sin(g+ ()

3sin g— 4cos g= 5sin (g+ 4)

aCos@ + bSin@ =rSin(8 + a)

A e sinfA+B)=sinAcosB+cosAsinB
e cos(A+B)=cosAcosB¥sin Asin B

3sin g - 400/59: 5(sin gcos 4+ cos g sin Q)

< 3_130> - 4cesp="5c05pSin 4
3sin 9 40039: 5sin gcos 4+ 5c059 sin a
\ -4 = b5sin a
v 3sin 9= 5sin 9 COS o A
= sin
— a
3= SCOSa 5

3

3 cosa
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A function is given as

a) Express f(x) in the form f(x) = rcos ( - ), where is an acute angle.

[ cos(A + B) = cos A cos B¥sin Asin B |

= 45,

Ay = 2005( - 450)

45,

45,

A

v

ii) Sketch the graph of for the interval 0< x< 2

SANGAM

To sketch the graph;

Plot the amplitude on the y -axis

Mark 5 points (minus will indicate plotting starts from positive x-axis while plus will be

negative x - axis)
Add 90° to the angle for each interval

Find y — intercept
Draw solid line for the graph.

A

Max T P (4R° 2\

y-intercept (6~ O)

y = 2003(0— 450)

A

max-T.p
y = 2cos e 450)

2 = 2cos (6_ 450)

1 = COS(6—450)
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Cos is positive: falls in Q1 and Q4

n—45.)= cos-1

360.

¢) Give the coordinates of the minimum and the maximum point on

for the interval 0<,<2
fx) = 2003( - 450) Ay) = 2003( _ 450)
2= 2COS( — 450) - 2= 2COS( _ 450)

2 2c0s, - 450 ~2_2cos( — 45

5 2 2
2 2

-1= cos( 7450)
1= cos( —450)

(" 450) —cos-1-1
(" 450) —cos-11

A \ _ a0nNn

( ~459)=0
d) Solve the equationfor 0°< x < 3600
9: 45,
2c0s, ~450=1 (4°°,2) 04 = 3600 g
1 3600 - 600= 330o
cos( — 456y=
2

- 45,) = 3300
(B 457

= 3300+ 450
1 0




since 8= 375¢ s outside the interval, the answer will be

(]-050}

Exercise:

1. A function is given as fx) = 7€0S x — 6sin

a) Express the function f(x) in the form {x) = RCOS (x* ) where is an acute angle.

ii) Sketch the graph of x) = 7€0S x — 6sin y g4 0o <, < 3600




iii. Solve the equation 7C0S y — 6Sin ;= 5 g4 0o <, < 3600

2. A function is defined by f(x) = 4c0S y + 7sin

i) Express the function f(x) in the form x) = RSIN (x* )where is an acute angle.
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iii)  Solve the equation 4C0Sx+ 7siny = -5 0.< , < 3600

SANGAM




Strand 5 LIMITS CONTINUITY AND DIFFERENTIABILITY

Sub Strand 5.5.1 Computing Limits
Content Students should be able to;
Learning Outcome - Calculate limits

Computing Limits

lim
% xo fx) isread as limit of f(x) as x approaches 0
0
% The limit of a function x) as "x= a” exists if the value of a the function approaches the same value

as we get closer to a from both sides.

Direct Substitution

Result when x is Conclusion Example

substituted
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Sensible Answer Answer becomes limit lim
XoxT3=2+3
2
=5
0 Answer is 0 lim
Number P x+5— _5+5: 0 _
+2 -5+2 -3
X
5
Number - No limit [im
0 - There is no limit X+3 _ 3+3:6
- Limit does not exists X— — 3 3-3 0
3 x
No limit
0 - 1?top . lim 6 6.6 0
_ - Factorise x _ _
0 - Cancel T ,-36 62-36 0
- Try again 6 x

(Algebraic Manipulation)

Then factorise
lim

_6 _—

X

X _
6 o OO

[im

L’ Hopitals Rule
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0

Used for situation whereby the answer is 0 upon direct substitution

If upon substitution (()) glves

Differentiate f and g separately.
Find the limit of ) , by substituting the value.

g

Example:
im 4 6-6 0
X = = _
,—36 6,-36 0

—

6 x

Then differentiate the numerator and the denominator

lim 1 1 1
>2 28 12
6 x ()
i lim Example 3: Evaluate
im ;
. X - X+ 2 “m 2 + 2 + 1
Example 1:  Find x_ S'"x Example 2: Find _ —3 L X X
0 5 X 3 X -3
i Directly substitute 2,
im m 3+2(3)+1
x» T2 —_—
Directly substitute 0, x sin Directly substitute -2, _ X—3 3-3
0 X
2
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-2+2

—sin0 -
-2-3
0
=0 - _ : =0
Exercise
- 2.\': - 5.\' — 3 lin] - - v -
| -2 __ Iim cosx
a \m—]rs x—3 © x—l0 7 10 C x50
lim
[im lim,
J Z = = X—) o J
d)x- (3x**2x~ 6 &)X X n_ =
-3 3 +2
1 2 X X
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More Examples

Example 1:
Ilml_2

Evaluate x_ X
1 X

Method 1: L’Hopitals Rule

Method 3: Using the table

Method 2: Algebraic Manipulation

First we have to factorise, cancel and then

substitute the value

lim -, Factorise 1=
B X
—)1( paE using difference of
X squares gives
im 0t x
—x LA X
1 X
lim
=x. 1ty
1
=1+1=2

In this method we are going to take values that are closer to 1 from both the sides. Then we are going to put it
in place of x and check the answer to what value is it approaching form both the sides.
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X 0.97 0.98 0.99 1 1.01 1.02 1.03
1- 2 1.97 1.98 1.99 undefined 2.01 2.02 2.03

It turns out that as x approaches 1, f(x) approaches 2

im ,
X
Thus, x - =2
us, X 1

1 X

Example 5: Evaluate
Ans: Directly substitute the value of 9,

Evaluate =

0

Since it is 0 therefore we need to move to the next step. Looking at the previous example, we can use either of

the 3 methods.

Using L’Hopitals Rule: Differentiate both numerator and denominator

1 1 1
)=3-,_ ()=~ —
f(x x2, f\x 2x2

g(x) =9- X, g(x) = -1
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Exercise: Evaluate the following.

_ lim
m , 2 -8 (. 32-3
X X X
Dxo —— 2 3) _
) x -4 ) ) +1
4 X X
1
Strand 5 LIMITS CONTINUITY AND DIFFERENTIABILITY
Sub Strand 5.1.2 Limits of Trigonometric Functions
Content Students should be able to;
Learning Outcome | - find limit of trigonometric functions.
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=11 > For the Indeterminate Form in trig functions, you probably have to use

some Trig Identities to compute limits:

» cos’x+sin’x=1
= sin2x=2sin X.COS X
sin x

= tanx=
Cosx

e |’ Hopital’s rule where applicable.
Some derivatives are given below:

y=sinx Y=COSX y=coshx | y=sinhx
= cos x y'=-sinx y'==bsinbx y'=bcoshx
|
Example: 1 Example: 2
im 2 + 2
Evaluate: Sin X COS X )
— lim . 5
X - X sin 2,
Evaluate: X - sin
Answer: Using identity ~ sin’x ¥ cos®x ™ 1 0 X
lim 2 + 2 i
Therefore, = Sin X cos X Directly substitute 0 sin 2(0) 0
irectly substitute 0, = ———— =—
X-m X Y sn0 0
=lim 1 o
Becomes; —» directly substituting 7, Therefore, replacing SN 2x gives, becomes
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lim o
sin , cos

= X

X
, sin x cancels

cin



lim

sin, _
Example 3: Show that x =1

0 X

0

Directly substitute x = 0, we get 0’ so we can use L’ Hopital’s Rule

f(x) =sin, f(X) = COS

g(x) = x g(x) =1

lim
0 g9
lim
COS
= X—>
0 1
lim
COS 5
= X—>
0 1
=1
Exercise

1. Find the limits of the following identities
lim
1-cos?, cos

lim

lim

sin 2x




2. Evaluate the following limits using L’ Hopital’s Rule

lim lim
2sin 2, cos, -1
a - b. x-

x> 75 X 2

0 X 0 X
Strand 5 LIMITS CONTINUITY AND DIFFERENTIABILITY
Sub Strand 5.1.2 Limits at Infinity
Content Students should be able to;
Learning Outcome | _ finq limit as x approaches °°.

Notes:

Limits as x>0 :
e |f ris a positive rational number and c is any real number, then

: c : .
l\}‘lw —=0 Division by a very large number gives a very small result.
‘ S X
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- To use the above property, divide the numerator and denominator by the highest power of x in the
denominator.

- In other words, use cover up rule.

lim :
85 lim
Example 1: Find x_- —

oo X

X - gr , rule indicates when constant is divided by a variable

lim 5 49
X

Example 2: Find x-,
2— 4
X

Looking at the expression the variable with the highest power is x°. Therefore, we will divides each term of the

. 2
expression by x°.

lim
5 +2
SO
5 2
lim X _
2+ 2
L XX
o X
2 2
X X
5 2
lim
—+ 2
=X , now put *° in place of x.
00
1-=
X
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5 2
lim —  — lim
+ o0 1
=X 1 division by very large number gives a very small result, x -, _~ 0
00 0o X
1- ©
0+0 O
=——=—=0
1-0 1
lim
X - 2
Example 3: Find (3 - . 1)
X
00
lim lim
X— X— 2
Answer: = 3- + -
+1
X
00 00
lim
X->
=3 - + — , divide each term with the highest power of x
X _
X x x
lim
_3-%" x
!
o0 1+ X
0
~3-( )
1+0
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Exercise:
lim lim
53 5—2 4
a  Cind v X h Cind X X
lim t 1 lim (4 _3)(7_5)
. X( x X,
s+ 4 )X~ 6, 18 3
o0 X o (x )x )
Strand 5.3 Limits, Continuity and Differentiability from Graphs
Sub Strand 5.3.1 Limits at Infinity
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Content Students should be able to;
Learning Outcome | - find limits, points of discontinuity and points of non — differentiability from
graphs.

Limits, Continuity and Differentiability of Piecewise defined Functions

* To find limit from a graph, we have to look at the graph at what values it is approaching from the left
hand side and right hand side.
lim

> X~ f(x) (right hand side)
C

+
lim

> X=f(x) (left hand side)
C

* Discontinuity — A function is discontinuous if it has a jump or has a hole or it has asymptote.
Otherwise the function is continuous.

* Non — Differentiable — A function is non — differentiable if it is discontinuous, or has a sharp corner
or has end points

Jump, hole or asymptote
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from left and right side Lim — lim ) —
lim f)= lim L fx)=2 .J:—>2 fx) x—2 f@)
x—1 x—>1 3;_.1_1)m2 flx)=4
2lim fx) =2
¥ Example 1 Given below is the graph of y = f(x)
."
A
[
[
[
[
[
[
|
<« |
< 0 2| P
v |
Find:
lim
a) x - f(x)
0

u 1 2 x
Continuity:

Continuous graph since there
is no jump or hole in the
graph.

Not differentiable at
x = 1(sharp corner)

Limits:

li -
Evaluate ;IE) 1 f(x):
Look for the value that y gets
close to as x approaches 1

w

/ 0|
Continuity:
Discontinuous at x = 2, since

there is a hole in the graph.

Not differentiable at
x = 2(discontinuous)

Limits:

Evaluate lim

x—2 f(x):
Look for the value that y gets
close to as x approaches 2

from left and right side

y‘
1 /’ﬂx)

av

£ -

1 2 3 &4 5 6 7 % 9% X

Continuity:
Discontinuous at x = 4, since
there is a jump.

Not differentiable at
x = 4(discontinuous)

Limits:

Evaluate 2"_1) 4 fOO:
Look for the value that y
gets close to as x approachey

4 from left and right side

li =

xaa- SRI=3#

lim =

x—4r fO=5

o im4 f (x) does not exist.

To answer this question we have to look at the graph approaching 0 from both left hand side and right hand

side. i.e
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lim
X - 0- . . .
o )= 1 means from left hand side. As you can see the arrow in the question

approaching from left hand side to the y — value 1. Therefore the answer is 1

lim
X
0 flx)= 1 0% means from left hand side. As you can see the arrow in the question approaching
+
from right hand side to the y — value 1. Therefore the answer is 1
lim
Therefore Answeris  x_ f(x)~ 1
0
lim
b) x- f(x)
2

Again to find the limit we have to look at the graph approaching from both the sides

li]n f‘( o) - hn] f )=
f(x)= + J(x)=+ 0
x—2" x—>2"

iy becomes very large as x approaches 2

Slm fix)=+ o0
x—0 -

Example 2: The graph of g(x) is given below. Use the graph to answer the questions that follow.
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< o L 3 4
1
8 3 2 ) 51053 1 6 758 * X
a) Find the following
lim lim )
lim
X X
0 - . - see X -
) gx) i)  g(x) i) _ g(x)
2 2
2
=4 =3 = limit does not exist

Because it has different values when a
approaching from both sides
b) For what values of x is

i) g(x) discontinuous (place on the graph where there is jump, hole and asymptote)

Answer : x < {~ 2, 2 } [graph has hole and jump at the two x - values]

ii) g(x) not differentiable. (place on the graph where there is jump, hole and asymptote and sharp edges)

Answer: x © {~ 2,0, 2} [graph has hole at 2, jump at -2 and sharp edge at 0]

i) gl = 12

Answer: {-0.5, 0.5, 7.5} [these are the x — values when y=1]
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iv) glx) =32

Answer: x= 6 [when y equals 3]

Exercise

1. The graph of g(x) is given below. Use the graph to answer the questions that

follow. g(x)
>

a) Find M 2(x)

X —>»00

b) For what values of x is the function discontinuous?

2.. The graph of piece — wise function h(x) is given below. Use the graph to answer the questions that follow.

'y . .
2
\\/ >
-3 -2 -1 0 1 2 3
1) For what valuel(s) of x is h(x) discontinuous?
(i1) For what value (s) of x is h(x) non-differentiable?
(iii) Find Lim h (x)
x—=-1
(iv) Find Lim h (x)
x—2
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3. The graph of function is shown below.

f(x)
AN
6+ ®

-
.
4

Use the graph to give the value(s) of x for which f(x)

a) is continuous but not differentiable.
b) does not have a limit.
c) isequaltob.

Learning Outcome

Strand 6 ALGEBRA
Sub Strand 6.1.1 Sequences
Content - List terms of sequences

- List sequence of partial sum
- Find limits of a sequence
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.

** To distinguish between sequences & series:

(i) Seguence : numbers separated by commas
| | 1
1, —, —,— .,
2 4 8
(i1) Serjes : obtained by adding numbers in a sequence.
1+ -1- - —l- - —1- T
2 4 8

CONVERGENCE & DIVERGENCE SEQUENCE

e Asequence is converging if n approaches infinity.

Lim An = exists

n— oo

If the limit exists — seguence converges
otherwise the sequence diverges

Example 1

A sequence is defined by T, 3n .

a) Find the first four terms of this sequence.

Answer: [we can find the terms of the sequence by takingn as 1, 2, 3,4 |

.= 3n
T1:3(1):3 T2:3(2):6 T3:3(3):9 T4:3(4):12

The terms of the sequence are <3, 6,9, 12....>
b) Write as partial sum

Answer: [to find partial sum, we are going to look at the answer of the terms and add them]

G1=3 =3+6=9  g=3+6+9=18 g,=3+6+9+12=30

The sequence of the partial sum are <3, 9, 18, 30....>

Example 2
1
A sequence is defined as a,, ~ —
n

a) List the first five terms terms of the sequence.
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Answer: [Take 1, 2, 3, 4, 5 and put it in place of n]

1 1 1 1 1
= =1 = = = =
1= — 2 3™ — T —
&L ¥ v ¥ 3 o9
1111
Therefore the answer is: < 1, = T A S >
16’25
lim
1
b) What is the x - ?
oo n
lim
1
Answer: x - =0
oo n
Exercise:
2

1. A sequence is defined as a, ~
n

a) List the first six terms of the sequence.

[im
2
b) Whatisthex—, ?
oo N

2. A sequence is defined as a, ~ 3h-1

a. Write the first four terms of the sequence.
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b.  Write as partial sum.

lim

c. Whatisthex_, 3n— 192

00
Strand 6 ALGEBRA
Sub Strand 6.1.1 Limits at Infinity
Content - List terms of sequences
Learning Outcome | - List sequence of partial sum
- Find limits of a sequence
- Determine convergence and divergence of sequence.

Convergence and Divergence

Convergence is when sequence approaches a limit, otherwise it is divergent.

Examplel:

4 +2

Determine whether the sequence a, ~ , converge or diverge, and if it converges, then give the value

to which it converges to.

Answer:
[To find the convergence or divergence, we have to find limit as n - °°. For this we have to divide all terms

with the variable th/zt has the highest power |

SANGAM EDUCATION BOARD — ONLINE RESOURCES



4+ 0

o =4 Therefore, it is a converging sequence, it converges to 4.

Example 2:

Determine whether the sequence a,~ 2p+ 2 , convergent or divergent?

[find limit as n -, °°.]

lim
Answer: n_, 2nt 2 =2x 0o+ 2 — o0

(0. ¢]

Since the terms of the sequence goes to infinity (without bounds), therefore it diverges.

Exercise:

7 +3

1. A sequence is defined as a, = n_g
n

a) Find the first four terms of the sequence.
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b) Find the first three terms of the partial sum.

LU

¢) Findn- ~ n
-9

oo n

d) Explain why the sequence converges.

12 +1
n

2. A i1s defined =
sequence is defined as a,, 3 +2
n

a. How many terms of the sequence are less than 3.99?

b. State the limit of the sequence.

c. Does it converge or diverge? Explain

3. A sequence a, 3n* 4 Does it converge or diverge? Explain.

Strand 6 ALGEBRA

Sub Strand 6.3.1 Binomial Theorem
Content - expand using binomial theorem.
Learning Outcome
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> Factorial !
The factorial of a number (symbol n!) is defined as:

nl=nXxX(n-—-1)xX(n—2)xX(n—3)...3X2 X1,nE€N

P Example 51=5x 4x 3x2x1=120
This can be directly found using the calculator which has the key !
Press5 ! =

n
> Combinations C,

A combination is a selection of a certain number of elements from a set where the
order of elements is not taken into account. The number of possible combinations
of “” elements from “n” things is denoted by:

5
= C.____5' _
# Example G_2)21 10

This can also be found using the "¢, key on the calculator.

Press S5 "C, 2=

Example 1: Evaluate

8! b)
_ 10!
) 5 / _
(10— 4)14!
8 x 7x 6x 5! s
- 51 10x 9x 8x 7 x 6!
41 6!
= 336 6
ENnAN
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Binomial Theorem

» The Binomial Theorem

The binomial theorem provides a useful method for raising any binomial to a
nonnegative integral power:

n\ n— n\ n— n\ n— n\ n—
(x+a)"=( ]x" 0,0 +( }r" L1 +( Jx” 224... +( )x" "a"
0 1 2 n
Note:

e The power of x decreases from n to 0 while the power of a increases from 0 to n.

e The number of terms in the expansion is one greater than the power

e The sum of the powers of x and a (first and second term) always equals the power
of the binomial n.

e The (r +1)™ term which is the general term is given by = (")x" ~Ta"
r

and ("] is the binomial coefficient.
r

Example 1:  Expand (x+ 2)2

= 1.X2.1+ 2.X.2+ 114
= 2+4,+4

Example 2:  Expand (2x_ 3)4

1x 16X4>< 1+4x 8><X3x - 3+6x 4xX2x 9+ 4 x 2X>< - 27+ 1x1x 81

16,4 - 96,3+ 216,2 - 216, + 81

1
Example 3: Expand (XZ_ _)3
X
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=1 0 1+3 4 T +3 2 _2+1 1_3
X X X
=X6—3X3+ 3—_3
X
Exercise:

1. Use the Binomial Theorem to expand and simplify (25 + y) ‘.

2. Use the Binomial Theorem to expand and simplify (25~ _2)3.

X

. n . 3
3. Aterminanexpansionof (@ + b) is (kj(_’».\-“)‘(_—lr).

a) Give the values of a, b, ¢, nand k.
b) Write out the given term in simplified form.
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Strand 6 ALGEBRA

Sub Strand 6.3.2 Finding Particular Term

Content - find the nth term
Learning Outcome

Finding the particular term

1
)3

y

Example: 1 Find the second term in the expansion of (x2 -

Example: 2 Find the forth term in the expansion of (2x_ 3)4
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=4><2X>< - 27

= - 216,

Exercise:

1. Find the third term in the expansion of (3x - 2)4

1
2. Find the forth term in the expansion of (x2 + _)6
X
2 1 15
3. Find the forth term in the expansion of (3x B _)
X

Strand 6 ALGEBRA
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Sub Strand 6.4. Partial Fractions

Content - write fractions with distinct linear factors in the denominator as partial
Learning Outcome | fractions.

Type Factor example Decomposition
Linear factor (x— 4) A
x — 4
Repeated linear factor (x — 4)2 Aa B

x—2  x—a3

Quadratic irreducible 2 Ax + B
Sfactor "+ D (xZ +4)

Before writing a function into a partial fraction ensure that
1. The fraction is bottom heavy
The denominator must be in the factored form. This could be

- Linear Factors e.g (x* 2)(x— 1)
- Non factorizable quadratic eg. (x * 2)(X2 + 1)

- Repeated Linear factors eg. (x T 2) (X - 1)2

6.4.1 Type I - Denominator with distinct linear factors

Follow the following steps while decomposing into partial fraction with distinct
linear factors:

1. Factorize the denominator so that you get the distinct linear factors

2. Separate the factors in denominator. Let their constant to be A, B, C, etc

3. Make denominators same.

4. Equate the numerators.

5. Solve for the variables.

Example 1
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5 +1

Express as a sum of partial fractions

2+ -
X X

Factorise x> ¥ x ~ 2
Sxt 1= alx= 1+ glx* 2)

X xm 25 Yt 2

To solve for A, let x= ~ 2
5 +1 5 +1 A B
X = X == + — 5/-2y+1=,(-2-1)+g(-2+2)
_ A B
X2 X (X )(X ) X X
-9 = —3A
5 +1 (x— D+ +2
X = A B(x )
(+2(,-1) +2 -1 B B
X x Jx )
Equate the numerator
Sxt 1= alx= D+ glx* 2)
To eliminate A, let x= 1
Bly+ 1= A(1- 1)+ g(1+2) 5 +1 3 2
X = + .
6 :35
6 3
_ =8B
3 3
B=2
Example 2:
-2 244 +7
Express —1 +3 as a sum of partial fraction.
x )x

When factorised: (x* ~ 1)= (x~ 1)(X * 1)
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X B L T
oS T T x
- 2(X2+ 4X+ 7) _ A(X_ 1)(X+ 3) + B(X+ 1)(X+ 3) + C(X+ 1)()(_ 1)
-1 +3 +1 -1 +3
x  )x ) x )x )x )
Letx=1

- 2(X2+ 4X+ 7) = A(X_ 1)(X+ 3) + B(X+ 1)(X+ 3) + C(X+ 1)()(_ 1)
- 2((1)2+ 4(1)+ N=A1-D(1+3)+ g1+ 1)(1+3)+ o(1+1)(1-1)

-2(1+4+7)= 0+ pg(2)(H+ 0

~24 = 8

- 24 8

= _B

8 8
B= ~3

Letx= — 3

N 2(X2+ 4X+ 7) = A(X_ 1)(X+ 3) + B(X+ 1)(X+ 3) + C(X+ 1)()(_ 1)

—2((— 3)2+ 4(— 3)+ N=pA(-3-1(-3+3)+g(-3+1)(-3+3)+(-3+1)(-3-1)

-2(9-12+7)= 0+ 0+ c(” 2)(— 4)
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Substitute any other value for x to solve for A

Letx™ 0

- 2(X2+ 4X+ 7) = A(X_ 1)(X+ 3) + B(X+ 1)(X+ 3) + C(X+ 1)()(_ l)

_ 2((0)2+ 4(o)+ 7)= A(0-1)(0+3)+ g(0+ 1)(0+ 3) + ~(0+ 1)(0- 1)

—2D= A HA AT e Y
-14 = —3A+3B—C

-14 = - 3A+ 3(— 3)— (— 1)

- 14 = -34-9+1
- 14 = -3,4-8
-14+8 = -3,-8+8
-6 = -3,
-2 2t4 +7
Therefore: (x X
-6 -3 2-1 +3
= _A
-3 -3
A=2
Exercise:
2
1. Express — X 5 as a sum of partial fractions
x )x )

SANGAM EDUCATION BOARD — ONLINE RESOURCES




2. Express Lll as a sum of partial fractions
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Strand 6 ALGEBRA

Sub Strand 6.4.2 Partial Fractions

Learning Outcome | Linear Factors

Content - write fractions with distinct linear factors in the denominator with Repeated

6.4.2 Denominator With Repeated Linear Factors

Repeated Linear Factors — a factor in the denominator that occurs more than once.

2
X

Example 1: Express — _ 5,  as a sum of partial fractions
3

x )

("2 (x 2 D 2

X A B C
— = — + — + —
x )y x ) x ) (x )
-2 -2
_x2 = A(X )2+ B(X ) C
- 3
« 9 2

X7 A~ 2t B(x= 2+ ¢
Let x= 2
(2)22 A(2_ 2)2+ B(Z— 2) + C

c -4

Let x— O;
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1=p-p*4

A-B= ~3
(A= B~ ~ 3




(0)2: A(O—2)2+ B(0—2)+C A~ B=
4A—ZB= -4
— _ - p= -3
0 =4a-28*¢ _ -8
- (2A~ 2= — )
0 =4A_ZB+4 —B= -3-1
2A=2
4A—ZB: -4 " "
e 1 4 4
Therefore: —_ , = — +_ t
3 -2 -2, -2,
) x ) ) &)
Exercise
15-4 - ,
1. Express _ X X asasumof partial fractions
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-4 ,+11 -6
2. Express X AX as a sum of partial fractions
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Strand 6 ALGEBRA

Sub Strand 6.4.3 Partial Fractions

Content

Learning Outcome | that cannot be factorised

- write fractions with distinct linear factors in the denominator with quadratics

6.4.3

Denominator with Quadratics which cannot be Factorised

o The numerator should have a linear term Ax¥ B

* The degree of the denominator is 2, so the degree of the numerator should 1(linear

term)
Example:
10 +24
Express +g Aasasum of partial fraction.
- 2
x )
10 +24 A +
X =7 +yBx C
-3 2+9 X 3 2+ 9
x ) X
10 +24 (E+9+ _ + -3
X = A (Bx C)x )
-3 2+9 -3 2+9
x x x

10x+24= A2+ 9+ Bx* O)(x~ 3)

Letx= 3

let x = 0

10x+24= A(2* 9+ Bx* O)(x~ 3)

10(O)+ 24 = A((0)2+ 9) + (B(O)"' C)(O_ 3)

24 = 9,-3¢
A:3 24 = 9(3)—3C
24 =27—3C

105+ 24= A2+ 9+ BxT O)x~ 3)
10(3)'*‘ 24 = A((3)2+ 9) + (8(3)+ C)(S_ 3)

54 = 18,
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54 18
18 18
A =3

Letx=1:

105+ 24= A2+ 9+ BxT O)(x~ 3)

10(1)4' 24 = A((1)2+ 9) + (B(l)+ c)(l— 3)
34 = 10A - 28_ 2C
34 = 103y -2p-24
() "B AT °
-2 -2
34 = 30 -2g5-2
1. Express " asf Sum 3f partial fraction.
x(x )

Therefore:
10 + 24 3
X

-3, 2+9 -3

(x Nx ) X

-3 +1
X

2+ 9
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-2

2. Express as a sum of partial fraction.

+ 2

2

+1
(x )X
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